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A derivation and solution are given for the differential equation of 
unsteady moisture transfer in capillary-porous substances, allowing 
for relaxation phenomena. Results are given of an experimental veri- 
fication of the solution obtained. 

Mass t r a n s f e r  in c a p i l l a r y - p o r o u s  subs tances  is 
known to obey F i c k ' s  law 

i = - - D  aP . (1) 
On 

However,  if the l iquid is  r ega rded  as a v i scoe las t i c  
substance,  then e las t i c  s t r a i n s  a r i s e  in the liquid due 
to f r i c t ion  forces ,  dur ing i ts  flow through the eapi l -  
l a r y - p o r o u s  medium,  and these s t r a in s  re lax  with 
some per iod r r .  In that  case  (1) wil l  contain an ad- 
di t ional  t e rm  assoc ia ted  with the re laxa t ion  p r o c e s s e s  

i = - - D  O p ~ ,  Oi , (2) 
On 0 

where r r = D / W  2. 

The diffusion coeff ic ient  is  p ropor t iona l  to the ra te  
of propagat ion of the i soconcen t ra t ion  sur face .  In fact, 
if the equation of the i soeoncen t ra t ion  sur face  is p(x, 
y, zr)  = eonst,  then the total d i f ferent ia l  

0p (3) O_2E + _ _  w=O. 
0 "~ On 

It  follows from the d i f ferent ia l  equation of m a s s  con-  
duction that 

w = - -  D v2 p = AD. 

VP 

The quanti ty A = vY2p/Vp is a ra t io  of d i f ferent ia l  pa r -  
ame te r s ,  is  i nva r i an t  with r e spec t  to a l i n e a r  group of 
t r ans fo rma t ions ,  and has d imens ion  M. 

Equation (1) is evidently a special case of (2) when 

w-- ~. Ifw~ 0, Eq. (2) may be written in the form 

0/ 
i ~ - - l : r - -  , 

It is i n t e r e s t i ng  to note that a s i m i l a r  p ic ture  oc- 
curs  also in inves t iga t ion  of v iscoelas t ic  flow of a 
l iquid descr ibed  by the equation [3] 

dP P=~l~--~--- 
d~ 

where T r = 7?/G. 
In the case of a solid 0? ~ oo) we obtain Hooke's  

wel l -known law 

P = G ~ .  

On the bas i s  of the above m a s s  t r a n s f e r  equation, 
we shall  der ive  the di f ferent ia l  equation of mo i s tu r e  
conduction.  Dif ferent ia t ing  (2) with respec t  to x: 

Oi D 0̀2 tZ _ _  ~i  
- - -  T r - -  . 

ax ax 2 a ~ Ox 

Using the fact [1,2] t h a t O p / a 7  = - d i v  i, we have 

Op = D O2---~P ~r 02 p (4)  
O �9 Ox ~ a .d 

Knowing that the concen t ra t ions  of m o i s t u r e  and hu- 
midi ty  are re la ted  by 

p = yoU, 

we may wri te  (4) in the form 

3U = D 02U 0%' 
- -  - -  ~ r  - -  (5) 

O "~ ax 2 a -:  

Material 

Sand 1 

Sand 2 

Clay 

Granu lome t r i c  Composi t ion of the Substances  Used 

2--1 

0.6 

0.3 0.20 

Granulometric composition, % in size ranges, mm 

a. I-- 0.05 
--0.05 l).01 

o. 90 o. 50 

13.3 0 4  

8 . 7  I 33 .5  

I 

I-0,5 0.5-- 0.25-- 
--0.25 --0,1 

9.5 69.8 18.0 

5.0 79.2 

0,01-- [ 
--0,0o5 

0 7o 

1.6 

<0.005 

Specific 
gravity 

2,66 

2.61 

2.82 
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Fig.  1. D e p e n d e n c e  of m o i s t u r e  con ten t  (U, %) on the he igh t  of 
c a p i l l a r y  r i s e  0a, cm) in Sand 1 (a) and Sand 2 (b): 1) e x p e r i -  

m e n t a l  va lues :  2) a c c o r d i n g  to (13). 

Le t  us  put  1/7" r = 2h, w = a .  Then  (5) t a k e s  the f o r m  

02U J-21, ~t__~/ ~ a~ O~U (6) 
O : 0 "r Ox 2 

tO \ 
0 r h 

Fig .  2. D e p e n d e n c e  of U on h 
in  c lay :  1 ,2)  as  in  Fig .  1. 

We shall solve (6) with the following initial and bound- 
ary conditions: 

U (x, O) ~ r~  (x); OU (x, 0_____~) _ ~o2 (x), 
dx 

ou(o,,) o, (7) 
ax 

U(I,  T) = U,, U~ = const. (8) 

We shall look for particular solutions of (6) which are 
not identically equal to zero, in the form (4) 

U (x, x) = X (x) r (x). (9) 

Subs t i t u t i ng  (9) in to  (6), we ob ta in  the two o r d i n a r y  
d i f f e r e n t i a l  e q u a t i o n s  

T '  + 2 h T ' - ~ - a ~ L T  -- O, (10) 

X" + ). X = O, (11) 

where ), is some constant. 
In order to obtain-trivial solutions of Eq. (6) in 

the form of (9), satisfying boundary conditions (7) 
and (8), it is necessary that the function X(x) shall 
satisfy the boundary conditions 

X'(O) = O, X(O = U~. (12) 

The so lu t ion  of ( I I )  fo r  k > 0 and fo r  the b o u n d a r y  
cond i t i ons  (12) has  the f o r m  

X (x) = cos 1' ~. x, 

w h e r e  
J 

}~- = (2n - -  1) .~/2l. 

The so lu t ion  of (10) when h2 < a2k has  the fo rm 

T = ( a n c o s k x _  b ~ s i n k x )  e x p ( - - h x ) ,  

w h e r e  

k = 1 : ~  X - -  h ~. 

Then the so lu t ion  of (6) m a y  be  w r i t t e n  in  the f o r m  

U(x ,  x) = U , - - e x p ( - - h x )  x 

x (A.cos kT + B.s in  kT) cos tt-~-,  

(13) 

w h e r e  

D = (2n - -  1) ::,/2. 

Using  the i n i t i a l  cond i t ions ,  we ob ta in  

l 

A~ = 7 -  (U, - -  Uo) cos 

0 

(2n-- l).~ X 
dx, 

l 

1 

h (2n,, x 
B . = ~ A ~ - -  ?2(x) cos 

. 2 l 
0 

dx. 
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Re la t ion  (13) has been  ver i f ied  expe r imen ta l l y  by 
an inves t iga t ion  of cap i l l a ry  absorp t ion  of l iquid by 
c a p i l l a r y - p o r o u s  subs t ances .  The subs tances  used 
were  sand and clay (see table) .  

The expe r imen ta l  technique was as follows. The 
m a t e r i a l  unde r  examina t ion  (sand) was poured into a 
column with a m e s h  bot tom.  The column was made up 
of g lass  sec t ions ,  cemented  together  with BF-2  cement ,  
the ends of the sec t ions  be ing  ca re fu l ly  ground to ob- 
ta in  good contact .  F o r  the t e s t s  with clay, cy l ind r i ca l  
spec imens  were  prepared ,  d r ied  at room t e m p e r -  
a ture ,  and then in  a dry ing  oven at 100~ ~ C. The 
column conta in ing sand (or the clay cyl inder)  and an 
at tached scale  were  brought  into contact  with water ,  
and the height of the cap i l l a ry  r i s e  of the liquid was 

noted on the scale .  
The expe r imen t  showed the re la t ionsh ip  between 

height of r i s e  and t ime .  Using the data obtained the 
m o i s t u r e  content  of the sys t em at var ious  heights of 
cap i l l a ry  r i s e  Was ca lcu la ted  f rom (13). In addition, 
at the end of the test ,  the co lumn containing sand was 
d ismant led ,  and the m o i s t u r e  content  of each sect ion 
was m e a s u r e d  by the usua l  method of dry ing  in  weigh-  
ing bo t t les .  Values of the m o i s t u r e  content  as ca lcu-  
lated f rom (13) and as obtained by expe r imen t  a re  
shown graphica l ly  in F igs .  1 and 2. 

The m o i s t u r e  contents  ca lcu la ted  f rom the fo rmula  
which does not take into account  r e laxa t ion  phenomena. 
are  quite c lose  to the expe r imen ta l  values  at the be -  
ginning of the cap i l l a ry  r i se ,  but  as the ra te  of ab- 
sorpt ion  dec reases ,  the d ivergence  i n c r e a s e s ,  and 
the theore t ica l  m o i s t u r e  contents  become fa r  g r e a t e r  
than those obtained by exper imen t .  Therefore ,  as may  

a lso  be seen f rom an ana lys i s  of Eq. (2), the flow of 
l iquid at sma l l  ve loc i t ies  in  a c a p i l l a r y - p o r o u s  ma,- 
t e r i a l  is  m a i n l y  due to re laxa t ion  of the e las t i c  s t r e s -  
ses  in the l iquid.  When re laxa t ion  phenomena  a re  
allowed for, there  is  sa t i s f ac to ry  a g r e e me n t  between 
the theore t i ca l  and the expe r imen ta l  values  of m o i s -  
tu re  content .  

NO TA TIO N 

i) mass flux; D) diffusion coefficient; p) concentration; n) normal 
to the isoconcentration surface; Tr) relaxation time; w) rate of shift 
of isoeoncentration surface; 71) coefficient of viscosity; e) relative 
strain of body; P) shear stress; G) modulus of elasticity; r) time; x, y,z) 
rectangular Cartesian coordinates; U) moisture content of material; 
l) linear dimension; Uc) saturation moisture content; 70) specific weight 
of absolutely dry material in unit volume of moist substance. 
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